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Abstract 


\ In  recent  years  nonlinear  d vs.  sin  t-distrlbutiaas  have  been  observed 


in  stressed  materials,  which  cannot  be  explained  by  the  classical  fundamen- 
tals o^^-ray  stress  measurement,  d-  is  the  interplanar  spacing  measured  and 
t is  the  ugle  between  the  surface  normal  of  the  sample  and  the  measuring 
direction.  This  paper  reviews  treatments  for  these  nonlinear  distributions, 
including  stress  gradients,  shear-stresses  and  anisotropic  X-ray  elastic 
constants.  Methods  for  the  evaluation  of  stresses  are  reported,  and 
recosmendatlons  are  given  for  the  practical  application  of  X-ray  stress 
measurement . 


1.  Introduction 

The  X-ray  method  for  detenoinlng  residual  or  applied  stresses  in  crystal- 

4 H 

line  materials  is  based  on  the  measurement  of  interplanar  spacings  d at 
various  tilts,  cp  and  i to  the  X-ray  beam,  see  Fig.  1.  In  a polycrystalline 
specimen,  only  those  grains  properly  oriented  to  diffract  at  each  tilt  con- 
tribute to  the  diffraction  profile.  This  selectivity  implies  chat  the  elastic 
constants  connecting  the  measured  strains  (or  change  in  interplanar  spacings) 
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Co  Ch*  scrassas  vlll  vary  wlch  cha  particular  sat  of  (hk£)  planas  chosan  for 
maasuremanc.  A racant  ravlaw  of  this  problam  Is  containad  in  rafarancas 
(Marion  and  Cohan,  1977;  Macharauch  and  Wolfstlag,  1977).  Ac  Chis  polnc  in 
clma,  chaory  (Bollen  rach,  Hauk  and  Mullar,  1967)  allows  for  an  anisocropie 
grain  coiqilad  co  an  isocropic  macrix  and  cha  variaclon  in  X-ray  elastic 
conacancs  (R£C)  with  crystallographic  direction  match  reasonably  well  with 
oaasurad  values  (Macharauch  and  Volfstiag,  1977).  However,  chair  large  change  with 
plastic  tensile  deformation  found  by  Taira,  Hayashl  and  uatsse  (1968) , Marion 
and  Cohan  (1977)  and  by  Ddlla,  Hauk,  Rloth,  Over,  and  Wicbart  (1977),  is  not 
yet  understood. 

Racantly,  there  have  bean  soma  unusual  phanomana  found  in  X-ray  stress 
maasuramants  suggesting  that  extensions  of  the  thaoratical  background  might 
permit  an  understanding  of  these  new  experimental  results,  particularly  for  tex- 
tured matarlals  and  for  matarlals  daformad  by  large  stresses  tangent  to  tha 
surface.  From  cha  theory  of  isocropic  elasticity,  with  d^  as  tha  lattice 
parasMtar  of  tha  unstressed  material  (Macharauch  and  Mdllar,  1961;  Barrett 
and  Massalskl,  1966), 


— - ■ % S2(hki)*[<jj^*cos^«p  + (y2*sln^<p].sin^*  + 8j^(hkJl)  • 


(1) 


with  cha  principal  strassas  9^  and  92  X-ray  elastic  constants  (B£C) 

% S2(bki)  - (^)*^;  s^(hki)  - (-f)“^.  (2a,b) 

2 * 

According  to  aquation  (1),  d should  be  linear  with  sin  i,  but  it  has  recently 
been  found  chat  different  d-sln^t  curves  occur  for  positive  and  negative  t (>**  ^^8* 


after  grinding  (Ualburgar,  1973;  yanlxiger  and  Ualburgar,  1976;  Wolfstlag  and 
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Macherauch,  1976;  Macherauch  and  Wolfstleg,  1977),  or  rolling  friction  (Christ 
and  Krause,  1975,  Krause  and  Juhe,  1976)  or  wear  (Krause  and  Juhe,  1977)  and 
oscillation  (see  Fig.  2b)  may  occur  In  textured  materials  (Bollenrath,  Hauk  and 
Weldemann,  1967;  Shiralwa  and  Sakamoto,  1970,  Marlon  and  Cohen,  1975;  Hauk, 

Herlach  and  Sesemann,  1975).  Since  the  penetration  depth  of  X-rays  depend  on  if 
(Wolfstleg,  1976),  strong  gradients  can  cause  additional  nonlinearities  (Shiralwa 
and  Sakamoto,  1972). 

It  Is  the  purpose  of  this  paper  to  summarize  the  recent  theoretical  1 

approaches  taken  by  Shiralwa  and  Sakamoto  In  Japan  and  by  German  groups  (Evenschor  i 

and  Hauk,  1975a, b;  Hauk  and  Sesemann,  1975;  Dolle  and  Hauk,  1976,  1977;  1978;  j 

Pelter,  1976;  Pelter  and  Lode,  1976;  Lode  and  Peiter,  1977).  There  are  two  major 
Ideas  Involved: 

1.  As  the  stresses  calculated  from  lattice  strains  represent  values  averaged 
over  the  penetration  depth  of  the  X-rays,  It  cannot  be  assumed  a priori 
that  the  averaged  stress  components  normal  to  the  surface  are  zero, 
especially  when  the  subgrain  size  Is  small,  or  when  steep  stress 
gradients  are  present.  Localized  stress  fields  of  defects  and  stresses 
due  to  plastic  anisotropy  are  considered  as  far  as  they  contribute  to 
the  lattice  strain  or  peak  shift  (Culllty,  1977).  It  has  been  shown 

by  Pelter  (1976)  and  by  Dolle  and  Hauk  (1976)  that  shear  stresses  normal 
to  the  surface  can  explain  the  experimental  results  found  after  tangent 
plastic  deformation. 

2.  The  classical  equation  (1)  of  X-ray  stress  analysis  presumes  that  the  X-ray 

2 

elastic  constants  do  not  depend  on  cp  and  p and  d Is  linear  vs.  sin  ijr.  Occa- 

2 

sionally  large  oscillations  In  d vs.  sin  t have  been  observed  In  textured  i 

materials  (Fig.  2b).  The  current  Interpretations  of  this  phenomenon  are  sum- 
marized In  Table  1.  Mote  that  two  of  these  utilize  Isotropic  elastic  theory 
and  the  third  takes  Into  account  that  In  textured  materials  X-ray  elastic 

1 

I 

1 

J 


constants  can  depend  on  and  ijr. 

This  general  anisotropic  theory  of  X-ray  stress  measurement  which  will  be 
sunsnarized  here  starts  from  the  statistical  theory  of  elasticity  (Eshelby, 
1957,  1959;  Kroner,  1958,  1967;  Kneer,  1965;  Morris,  1970;  and  Wecker  and 
M3rria,  1978).  It  will  be  shown  that  the  anisotropic  equations  reduce  to 
the  classical  equations  for  X-ray  stress  analysis  (Macherauch  and  Muller, 
1961;  Barrett  and  Massalski,  1966)  when  the  X-ray  elastic  constants  are 
isotropic. 


2.  Stress  Measurement  on  Isotropic  Materials 

2.1  Isotropic  X-ray  Elastic  Constants 

It  is  necessary  at  the  outset  to  realize  the  difference  between  the 
average  X-ray  and  bulk  elastic  constants.  The  former  refers  to  averaged 
single  crystal  constants  of  those  crystallites  diffracting  - all  with  the 
same  direction  ^ (see  Fig.  1),  whereas  the  latter  are  averaged  over  all 
crystals.  Previous  treatments  by  Voigt  (1928)  or  Reuss  (1929)  (bulk  elastic 
constants)  and  by  Gloeker  (1938),  Schlebold  (1938)  and  MQller  and  Martin 
(1939)  (X-ray  elastic  constants)  neglect  the  Interaction  between  a crystallite 
and  its  neighbours.  Including  the  coupling  (Eshelby,  1957,  1959)  formulae  exist 
only  for  the  elastic  constants  of  untexturad  materials  (Bollenrath,  Hauk 
and  Muller,  1967),  while  bulk  elastic  constants  can  be  calculated  for  quasi- 
Isotroplc  and  textured  materials,  see  Table  II.  it  is  important  to  note 
that,  in  these  treatstents,  the  inhomogeneotis  surrounding  grains  of  a crystal- 
lite are  replaced  by  a quaslhomogenaous  envlronBant  having  the  macroscopic 
isotropic  or  anisotropic  properties  of  the  polycrystal.  Therefore,  for  the 
X-ray  aeaauraaent  it  is  necessary  that  the  beam  Irradlataian  area  large  enough 
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so  that  a statistically  relevant  nvnsber  of  grains  or  subgrains  are  reflecting. 
For  the  evaluation  of  stresses,  it  is  necessary  to  carry  out  measxireinents  of 
interplanar  spacings  "d"  for  different  directions  L^,  given  by  (p  and  i (see 
Fig.  1).  As  tensor  components,  e.g.  the  lattice  deformation  <i*paQd 

on  the  orientation  of  the  coordinate  system*  to  which  they  are  related,  for 
the  calculation  of  stresses  in  the  coordinate  system  of  the  sample  two 
things  must  be  known:  1)  The  X-ray  elastic  constants  in  different  laboratory 
systems  and  2)  The  relationship  between  stresses  in  the  system  P^  and 
those  in  systems  L^.  If  the  material  is  quasllsotropic,  X-ray  elastic  con- 
stants do  not  depend  on  but  if  it  has  texture,  in  general  these 

constants  vary  with  9 and  (r,  as  will  be  shown  in  Section  3.1. 

In  the  laboratory  systems  the  relation  between  Interplanar  spacings  *(i” 
or  lattice  strains  effective  stresses  9^^  can  be  written  as: 

^ ^ “ ^*33^  * ^^*331J  ^33ij^  ‘ ^ij^’ 

where  d - interplanar  spacing  for  direction  L., 

d^  - interplanar  spacing  of  a stress-free  sample 

- lattice  strain  normal  to  lattice  planes  (hkiUln  direction 
’33iJ  * crystal  compliances  in  system 

^33ij  ~ interaction  of  a grain  and  its  surrounding  matrix 

("elastic  susceptibility"') 


d*  - stress  components  in  system 


Note  that  primed  texisor  components  refer  to  the  laboratory  system  , 
while  unprimed  refer  to  the  sample  system  F..  Principal  strains  and  stresses 
have  single  subscripts.  Single  crystal  compliances  related 

to  the  principal  axes  of  the  (cubic)  crystal  are  indicated  by tilde. 
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Th*  brackaCs  in  eqn.  (3)  indlcace  Chat  an  average  is  taken  over  Che  crys* 
Callitea  diffracting. 

If  the  number  of  crystallites  diffracting  is  large: 


<€33)  - “ ^^*33ij  ^33ij^^  '®ij^ 


(4) 


where  Che  stresses  averaged  over  the  penetration  depth  and  the  equa* 


tion 


’^ij  ■ ^*33iJ  * ^33iJ^ 
" ^*33ij^ 


(5) 


defines  the  X-^ray  elastic  constants.  The  interaction  term  repre« 

senting  the  coupling  of  a grain  to  the  surrounding  matrix  depends  on  Che 
single  crystal  constants  and  the  texture. 

For  quaiisotropic  materials  Che  averages  r|^^  in  equation  (5)  do  not 
depend  on  Che  orientation  of  Che  axes  so  that  Che  prime  can  be  omitted. 

Their  relationships  to  Che  X-ray  elastic  constants  s^(hkf)  and  ^ s^Chkf) 
defined  by  equation  (1)  are  (Mailer  and  Martin,  1939): 

*^11  " ^22  “ 

C33  « Sj(hkX)  + ^ S2(hki), 

^12  ■ C33  “ r23  - 0.  (6a,b,c) 

If  the  interaction  is  neglected  ((^33^^)  * 0),  Che  Voigt  averages  taken  over 
Che  single  crystal  stiffness  coefficients  (constant  average  strain)  are  obtained 
(docker,  1938;  Schiebold,  193f ; Miller  and  Martin,  1939): 

V _ *o'^llll  ^ *1122^  * ^°**1122'*1212 
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1 L V 
2G^  “ ^ 


^1212- ^1111  • ^1122^ 
3-1111  • 3-1122  " ^212 


(7a, b) 


with : 


®o  * ®1111  ■ ®1122  ' ^'^1212' 


(8) 


The  Reuss  averages,  which  are  taken  over  the  single  crystal  compliances 
(constant  average  stress),  are  (Glocker,  1938;  Schlebold,  1938;  Mfiller 
and  Martin,  1939): 


s^(hki)  - s^^22  + ®o‘^' 


R 


^ 32(hk2)  - s^,^  - Sj^22  ' 3'S^T. 


(9a, b) 


with : 


2 2 2 2 2 2 
h^k  + h JL  + tc 

r ■ ~2  2 2 2 ' 

(h^  + k^  + Z^y 


(10) 


Taking  the  crystal  coupling  Into  account  (but  not  texture),  Bollen  rath, 

Hauk  and  Muller  (1967)  calculated  X-ray  elastic  constants  for  quasl- 
Isotroplc  polycrystals,  which  are  In  good  agreement  with  experimental  results 
(Macherauch  and  WOlfstleg,  1977),  but  It  has  been  observed  (Taira,  Hayashl  and 
Watase,  1968;  Marlon  and  Cohen,  1977;  Dolle,  Hauk,  Kloth,  Over,  and  Wlchert, 

1977)  that  X-ray  elastic  constants  might  vary  with  plastic  deformation. 

Based  on  the  theoretical  method  of  Eshelby  (1957,  1959)  ana  Kroner  (1958,1967) 
for  a single  phase  cubic  material  the  X-ray  elastic  constants  can  be  calcu- 
lated from  (Bollen  rath,  Hauk  and  Muller,  1967): 


.j(ht,)  - . tjjjj  + t,.r. 


(lU.b) 


with 


% 82(hkx)  - + t2333  - 6^3^^  - 3 t^*r  , 


“ ^3333  " ^3311  ■ ^■'3131’ 


(12) 
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The  bulk  elastic  constants  3^333  S3II’  represent  averages  over 

*33ij’  calculated  from: 


S • — (-i 

3311  3'‘3K  2G^ 


S333  ■ ^3311  “ 2*G 


(13a. b) 


According  to  Kronff's  theory  (1958,  1967)  of  quaslisotroplc  bulk  elastic 
constants  the  compressibility  K and  the  macroscopic  shear  modulus  G can  be 
calculated  from  single  crystal  compliances: 


3K 


*1111  * ^’*1122 


12 


ax 


2 24 

^ " 25  ■ - 625  • ^ 


2 2^ 


(14a, b) 


with  the  Voigt- limit  from  equation  (7b),  and: 


3K+  6-G 


a > 


3K  + 4-G^  ’ 
5 -s' 


^'*1111  ■ ^'*1122  ^’*1212 


(15a, b) 


For  a single-phase  quasiisotropic  material  the  tensor  components 


^3311  ^3131  calculated  f*e«Rt 


. _i_  . 2-G-(3iiii  - Si]^22^  ' ^ 

8£Vrc  . ^ ^ j ^ 1 

6G  + 3K  ^*1111  1122''  ^ 


^3311  " *3131  " ■ ^ *3333* 


(16a, b) 
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A recent  bibliography  for  the  calculation  of  quasiisotropic  X-ray 
elastic  constants  of  otultiphase  or  non-cubic  materials  was  given  by  Ddlle 
and  Hauh  (1977).  The  various  isotropic  X-ray  elastic  constants  cal- 
culated for  iron  are  shown  in  Fig.  3.  For  many  practical  purposes  the 
medians  (Neerfeld,  1942)  from  X-ray  elastic  constants  in  Voigt  (equation  7) 
and  Reuss-limit  (equation  9)  are  sufficient.  For  the  usual  employed  211  and  310- 
reflections  the  difference  between  this  median  and  Kroner  values  are  less 
than  5!l. 

2.2  Lattice  Strains  in  Isotropic  Materials 

The  stresses  related  to  the  laboratory  system  can  be  calculated 


from  stress  components  by 


®ij  “ 


(17) 


where  ^re  the  direction  cosines  between  both  coordinate  system 
and  P^.  As  shown  in  Fig.  1,  ^2  1^  1°  sample  surface  and  is  pafalUl 
the  axis  of  * tilt.  Therefore 


' costs* cost 
-sintp 

\ cosQj'Sint 


sintp*  cositr 
costp 

sintp*sint 


-Sint ’ 
0 

cost  , 


(18) 


and  the  stresses  result  as 

2 2 2 2 

■ o^j^*cos  q)*cos  if  + 0^2®!“  ;?*cos  i - o^2*cos9*sin2t 

2 2 2 
+ 022*®!°  tp*cos  t “ 023®!°®*®!°^'^  + 033*510  t 

*12  " *21  “ “ T aj^2^*3in2c8*cost  + Oj^2*'^o®2t?*cost 

+ 02^2*3lntD*sint  + 022®!°^*°°®"^  “ 023’*°®'^’®!°'^ 

12  1 

*13  " *31  " 2 *ll‘*°*  9*®!°^’*'  2 ‘ 0i3*‘^°®o*°°®^^ 

12  1 
+ "f  022®!°  9*sin2t  + 023®!°9*°°®^t  " O33sio2t 
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{j^3  « (J32  “ ~ 2 Cj^2‘‘^°®^'^*®^“'*'  ■ 5j_3’Sln«.cosii( 

+ J C22'®^^®’®^“’*’  '*'  923’*^°®®'  ■*®* 

2 2 ■* 

’33  " ^11"'^°*  9‘Sin  i + i + jj^^-cos^p* sin2'Jf 

2 2 2 

+ ^22®^”  'P'sin  t + 523*®^^*®*®^^^*  + ®33*^°®  ^ 


According  Co  equations  (4),  (5)  and  (19)  Che  relationship  between  multiaxial 
stress-states  and  lattice  deformation  $33  or  change  in  InCerplanar  spacing 
“d”  is  (D511e  and  Hauk,  1976); 


d i-d  2 22 

"^d — ° “ ®33  * ^ S2(lik2)'rd33*cos  + g22'Sin  »]-sin 

o 2 

+ ^ S2(hk2)*0  33.cos  t + s^^ (hkX) • [ctj^3  + 032  ^ ^33] 

+ % S2(hk2)’[aj^3*cos!p  + (j23‘®^'?]*sin2,jr 

where  the  stress  components  are  to  be  interpreted  as  average  values 

over  the  penetration  depth  of  the  X-rays. 


(20) 


following 

four 

stress- 

tensors 

whose 

components  are 

the 

sample 

system  , 

P * 
-i- 

®11 

^12 

0 

/ ^11 

-12 

=^13 

®12 

-22 

0 

I 

' 0 

^2 

0 

=^12 

022 

’23 

0 

0 

i 0 

0 

\ -13 

®23 

’33/ 

(21a-d) 


While  Che  Censors  (21a, b)  represent  (residual  or  applied)  stresses  in  free 

surfaces,  Che  Censors  (21c, d)  may  represent  residual  stress-states  in 

Che  interior  of  a material  or  stress-states  caused  by  multiaxial  loading. 

It  is  obvious  that  for  the  Censors  a and  c Che  principal  axes  of  Che  stress 

2 

state  coincide  with  Che  sample  system  P^.  The  "classical"  d-sin  jr-law  (1) 
(Macherauch  and  MCfller,  1961)  results,  when  (21a)  is  substituted  into  equa- 
tion (20).  For  Che  Censors  (2lb,c)  there  are  additional  terms,  but 


11 


d vs.  sin^  is  still  linear.'  For  the  most  general  stress  state  (21d) 

2 

*d'is  no  longer  linear  vs.  sin  t.  The  terms  5^^  9 22  equation  (20) 

2 

have  a sin2i<  dependence.  This  results  in  different  d vs.  sin  relation- 
ships for  i > 0 and  'jr  < 0 as  illustrated  in  Fig.  2a.  This  effect  has 
been  termed  '*’!( -splitting"  (D611e  and  Hauk,  1977)  and  has  actually  been 
detected  by  Walburger  (1973)  in  ground  steel.  In  recent  years  these  lat- 
tice strain  distributions  were  found  after  grinding  or  milling  (Faninger 
and  Walburger,  1976;  Wolfstieg  and  Macherauch,  1976;  Macherauch  and  Wolfstieg, 
1977;  Dolle  and  Cohen,  in  press),  or  on  the  surfaces  of  wheels  and  wear 
(Christ  and  Krause,  1975;  Krause  and  June,  1976,  1977). 

2.3  The  Evaluation  of  the  Stress  Tensor  for  Isotropic  Materials 


The  lattice  strain  for  the  direction  is 
(Evenschor  and  Hauk,  1975b): 

2 2 2 

*33  * Sj^j^'cos  ®-sin  V + e sin  If  + 52^3*  coscj- sin2t 

+ S22' £33*cos^1f  (22) 

Introducing  the  average  strain  and  the  deviation,  a^,  from  this  average 
strain  ("t-splitting") : 


d + d 

, r , 01,+  yy- 

*1  ” ^^®<3ilr+  ‘c;*--’  * 2d  " 


'33 


9*+  '■qjiif- 

+ [sj^j^'cos'^®  + S^^.sin29  + e^^*sin^9  - e,,]’sin^'> 


%[e,, 


9*+  ®9V-- 

13' 


‘12 


d - d , 
W+  CJ'J- 


22 


‘33- 


2d 


(23a) 
(23  b) 


[e,  ,*co39  + 2'*  i 


Thus,  $22  determined  from  the  intercept  of  vs.  sin 


if  d is 
o 


known.  As  a check  on  this  result,  note  that  this  value  is  independent 


12 


of  5p . The  tensor  components  ej^2  ~21  obtained  from 

For  «p  - 0,  ej^j^  - 233  is  obtained,  whereas  for  ■ 90°,  6,2  " S33  is 

a^i 

evaluated.  The  tensor  component  can  then  be  evaluated  from  (^""2'^) 

^^2  o 

From  2if|  ®13  9*0,  and  623  «P  ■ 90  . 

Taking  the  crystallographical  anisotropy  into  account  the  stress 


components  can  be  calculated  from 


ij  ■ iSjOik^)  '®ij  ■ ^ij  J^s^Chkje)  + 3-s^(hki)  '‘®ir®22'^®33 


8j^(hkx) 


(e-i  1+652+6 -lo)]  . 


(24) 

This  method,  developed  by  Dolle  and  Hauk  (1976),  can  also  be  used  when  there 
is  no  t'splitting  (which  implies  that  9^^  > ~ 0) . It  may  be  a useful 

procedure  to  determine  whether  or  not  the  surface  stress  condition  « 0 
is  fulfilled. 


An  experimental  example  of  this  kind  of  study  (Dolle  and  Cohen,  in  press) 

2 

is  discussed  below:  On  a ground  steel  the  g-sin  ’|i-curves  shown  in  Fig.  4 
were  measured;  the  evaluation  of  stresses  resulted  the  residual  stress  tensor 


390 

14 

63\ 

14 

306 

-1  1 

(components  in  MPa) 

(25) 

63 

-1 

92  i 

It  is  remarkable  how  well  equation  (20)  with  the  stress  tensor  (25)  substituted 
fit  the  data  points.  The  principal  axes  of  the  stress  tensor  evaluated 
by  principal  axes  transformation  were  tilted  about  the  transverse  direction 
of  the  sample  about  11  degrees. 
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3.  Stress  Measurement  on  Textured  Materials 

3.1  X-ray  Elastic  Constants  of  Textured  Materials 

For  textured  materials  the  X-ray  elastic  constants  defined  by  equation 
(5),  even  for  the  same  hk;^  reflection,  depend  on  the  direction  ;piir  of  the 
measurement  (Dolle  and  Hauk,  1978).  Neglecting  the  Interaction  of  crystal- 
lites (t33^j  ■ 0)  Che  anisotropic  X-ray  elastic  constants  will  be  calculated 
for  a sharp  texture  In  cold  rolled  er-lron,  as  an  example  of  the  procedures. 
Since  the  averages  will  be  taken  over  single  crystal  compliances  S23^j i the 
X-ray  elastic  constants  will  result  In  the  Reuss  limit.  It  will  be  assumed 
that  the  orlencaclon  distribution  of  the  crystallites  can  be  Idealized  by 
some  combination  of  single  crystal  orientations  with  different  volume 
fractions  X , and  Including  a volume  fraction  X of  randomly  oriented  crys- 
tallites. A model  similar  to  this  has  been  employed  by  Alers  and  Liu  (1966) 
for  the  calculation  of  anisotropic  bulk  elastic  constants.  Since  the  X-ray 
measurement  Is  selective.  It  Is  necessary  to  modify  their  model  In  the 
following  ways : 

1.  Since  preferred  orientations  are  assumed  there  are  only  a few 

directions  for  which  strong  reflections  are  obtained. 

2.  Because  the  averages  have  to  be  taken  over  reflecting  crystal- 

lites only,  the  anisotropic  X-ray  elastic  constants  are  obtained 
only  for  these  directions  Therefore,  the  orientation  dis- 

tribution functions,  which  are  constant  for  quasllsotroplc 
materials,  can  be  represented  by  g-functlon  being  zero  unless  ^ > 

and  - it^. 

Using  the  Isotropic  X-ray  elastic  constants  r^^  (hkj2),  equation  (6), 
the  anisotropic  X-ray  elastic  constants  of  such  an  Idealized  polycrystal 
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can  be  calculated  by  assuming  (Dolle,  Hauk,  and  Zegers,  1978); 

(hk2)  + 

R;,(hkif*)  - ^ ^ . 


ij 


(26) 


where  anisotropic  averages  have  to  be  taken  over  the  preferred 

orientations.  If  the  crystallites  with  random  orientations  are  neglected, 

■ 0,  and  there  is  no  superposition  of  the  different  preferred  orienta- 
tions for  a given  direction  does  not  depend  on  the  volume  fractions 


X*. 


In  this  case,  is  equal  to  the  single  crystal  com- 


pliances S23ij  to  the  laboratory-system  . If  there  are  no 

preferred  orientations,  X^  ■ 0,  the  isotropic  X-ray  elastic  constants  in  the 
Reuss-limit  (equation  9)  result  from  equation  (26).  It  is  evident  that  by 
taking  the  weighted  averages (16)  . the  texture  of  the  material  is 

taken  into  account  in  a quantitative  way.  However,  these  averages  and  the 
isotropic  and  anisotropic  limits  discussed  above  do  not  consider  the  inter- 
action of  crystallites.  Additionally,  real  orientation  distributions  of 
crystallites  are  much  more  complicated  than  the  assumed  ones,  but  it  will 
be  shown  that  this  anisotropic  theory  of  X-ray  measurement  can  explain  many 
of  the  observed  phenomena  associated  with  textured  materials,  at  least 
qualitatively  and  in  some  cases  quantitatively. 

In  what  follows,  the  directions  of  strong  reflections  and  the 

anisotropic  averages  related  to  the  laboratory-systems 

will  be  calculated  for  the  following  preferred  orientations  of  a-iron: 

(211)  [Oil]  or  [Oil], 

(111)  [211]  or  [211], 

(100)  [Oil]. 


(27) 


A (211)  rOlT]  orientation  Implies  that  the '(211)  plane  of  a crystallite 
Is  parallel  to  the  rolling  plane  and  the  'jOlll  direction  Is  parallel  to 
the  rolling  direction.  Therefore,  the  unit  vectors  coinciding  with  the 
rolling  (HD),  transverse  (TD)  and  normal  (ND)  direction  are: 


RD: 

^1 

1 

“/2 

ND: 

h 

1 

"/6 

TD: 

h 

-^3 

where  components  of  the  unit  vectors  ^ are  related  to  the  crystal  axes 
Aj.  The  direction  cosines  describing  the  orientation  of  a crystallite 
with  respect  to  the  coordinate  system  are: 


»ij  - - 


-11 

° /2  /2 

Til 

/I  /3  /2 

2 1 ] 

/6  /6  /6 


If  a sample  Is  cut  from  a rolled  sheet  In  an  arbitrary  way,  the  orlen 
tatlon  of  a crystallite  with  respect  to  the  coordinate  system  of  the 

sample  Is : 

- (ij-Aj)  - VSicJ- 

The  matrix  elements  (J  ■ 1,3)  are  the  components  of  the  unit-vectors 
with  respect  to  the  crystal  axes  A^  and  are  the  direction  cosines 
between  the  coordinate  systems  and 
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If  samples  are  cue  with  Che  rolllag  planes  in  chelr  surfaces  (P^ 
Bj).  Che  form: 


j cosg  sin^ 

-sin^  cos^ 

\ “ ° 


(32) 


where  Q is  the  angle  from  the  rolling  direction  to  the  longitudinal 

direction  of  the  sample,  For  a sample  with  the  rolling  direction  as  "P, 

(C  ■ ®)»  "H  Che  unlt-matrlx 

The  directions  of  a strong  reflection  from  the  {hk^T  planes  chosen 

for  the  oieasuremenc  of  interplanar  spaclngs  are  called  the  poles  of  hki 
reflections.  These  angles  can  be  calculated  for  each  of  Che  assumed  pre- 
ferred orientations  specified  in  terms  follows: 

qi  - and  - (Z2’h'^  (33a, b) 


^2  2 2 2 
tan«.  - — and  sin  “ q,  + q-, 

1 q^  112 


(34a, b) 

The  ^ are  the  unit-vectors  in  Che  crystal's  axial  system  belonging  to  the 
hki  reflection  and  all  planes  in  the  form  must  be  considered.  The  reflec- 
tions most  commonly  employed  in  stress  measurements  on  steels  are  Che  211 

2 

and  310.  The  poles  of  these  planes  within  the  usual  measuring  range  sin  t £ 
0.5  are  shown  in  Fig.  5.  The  numerical  values  of  and  and  Che  specific 
planes  reflecting  are  listed  in  Table  III. 

For  the  calculation  of  transformed  single  crystal  compliances 
related  to  Che  system  (see  Fig.  1),  it  is  necessary  to  evaluate  the 
components  of  in  terms  of  Che  crystal  coordinates  The  vector 

is  identical  with  the  particular  unit-vector  E^,  whose  orientation  with 
respect  to  the  sample  system  P^  is  given  by  and  Its  components 
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'*'31^32'^33 


cxpr«ss*d  in  crystal  coordinates  are: 

h k 


''77^77? 


; V 


32 


/ 2 2 2 ’ 33  / 2 Z 2 

(35a, b,c) 


The  vector  components  '^21^22^23  unit  vector  can  be  evaluated 

from  the  rotation  around  keeping  in  mind  that  ^2  sao^le's 

surface  (Fig.  1): 


|'^21  ' 

1 cos$^ 

3ln«^ 

Y22 

-^,:P2-  -*^“«i 

COS$j^ 

0 

e 

TT22 

{-izl 

\ “ 

0 

CM 

t 

(36) 


The  unit  vector  Lj^  can  be  calculated  from: 


il- 


“ ^2  — 3* 


(37) 


The  single  crystal  compliances  in  the  laboratory  system  are  obtained  from 
the  usual  equations  for  the  transformation  of  tensor  components: 


33iJ 


2m  3n  io  Jp  mnop 


(38) 


With  s^  defined  in  equation  (8)  the  transformed  tensor  component 


result  as: 


, I 


■3311 
.1 


Y . ~ ^2 

•1122  ^ *0‘^lk^3k' 


S3322  - »ii22  •o’^2k^3k’ 


*3333  " *1122  ^1212  *0^3k* 


’3312 


O' Ik' 2k' 3k’ 


‘3313 


- T«y,,y: 


’3323 


’0'lk'3k‘ 

*0^2k^3k’ 


(39a-f) 


J 


t 
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As  preferred  orientations  have  been  assumed  the  term  equation 

(26)  is  given  by  (39).  Also, as 

(iiij)  • • ’ij  <“» 

for  the  hOO  and  hhh- reflections  quasi- isotropic  X-ray  elastic  constants 
result  from  the  anisotropic  theory,  which  are  identical  with  the  results 
from  «quation  (9).  For  these  reflections,  by  substituting  (40)  in  (39)  it 

can  be  shown  that  *3312’  *3313  *3323  therefore,  the  same 

conditions  as  for  quasi-isotropic  materials  (see  Section  2)  can  be  expected; 
these  reflections  are  not  affected  by  texture. 

Anisotropic  X-ray  elastic  constants  for  the  poles  of  the  211  and  310- 
reflections  have  been  calculated  for  volume  fraction  X and  \ corresponding 
to  the  intensity  distributions  published  in  the  literature  (Shiraiwa  and 
Sakasuto,  1970;  Hauk,  Heriach  and  Sesemann,  197S).  The  volume  fractions  as- 
sumed and  the  calculated  anisotropic  X-ray  elastic  constants  are  listed 
in  Table  111. 

Anisotropic  X-ray  elastic  constants  recently  evaluated  by  DOlle,  Hauk 
and  Zegers  (1978)  for  the  211-reflection  of  cold  rolled  steels  are  shown  in 
Fig.  6.  The  experimental  results  for  0 and  various  angles  Q {see 

Fig.  5)  lie  between  the  isotropic  limit  calculated  from  equation  (3«i) 

and  the  anisotropic  llmlc  for  the  case  of  the  (211)r011]  or 


[Oil]  orientation,  which  furnishes  the  pole  for  > 0,  see  Fig.  5 . As 
Che  crystallographic  direction  changes  with  the  cut-out  direction  , the  anisotropic 
limit  depends  on  the  angle  Q.  Although  additional  experiments  are  necessary,  it  is 
obvious  that  with  increasing  degree  of  reduction  the  experimental  values 
approach  the  anisotropic  liialc.  However,  this  limit  cannot  be  reached  with 
a real  material  because  it  represents  the  elastic  behavior  of  a free  (uncoupled) 
single  crystal. 
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3.2  Lattice  Strains  in  Textured  Materials 

2 

For  anisotropic  materials,  lattice  strains  vs.  sin  t can  be  calculated 


from  (Db’lle  and  Eauk,  1978) : 


d_  - d 


In  general,  ^{3  and  different  from  zero 

in  textured  materials,  see  Table  III.  Thus,  shear  stresses 

might  also  cause  normal  strains  normal  to  the  lattice  plane. 

Using  the  results  from  equations  (19)  the  relationship  between  lattice  strains 


and  stresses  9^,  related  to  the  sample  system  is  (Dolle 


and  Hauk,  in  press): 


d d_ 


m c * 

®33 


2 2 2 2 2 
[Rjj^'cos  :p*cos  It  + R22-sio  cp  + R33*cos  ;p»sln  it 

2 

- R,',*sln2<9*co3ir  + Ri,.cos  C?*sin2lt  - 


- J‘^11 

2 2 2 2 2 

+ [^Rj^j^-sin  C8*C08  t + Rj^'cos  co  + R23’Sin  9*sin  7 

2 

+ R|3*ain  9*3in2ir  + R22*sin29-3int]-522 

2 2 
+ |)l|^j^«sin2o-cos  If  - R22*sin29+  R23‘ sin2ep*  sin  if 

+ 2*Rj^2®®®2«9*®°®'t'  R^3*sin29*sin2ir  + 2*R22*co829*sint(r]*02^2 

+ [-R^j^»cos<p»  sln2’|f  + R23- costs.  sin2ir  + 2R^2* 

+ 2.R^2*®°*'^'®°®^^  “ 2*R'23‘Siap*co8ir]*o^j 
+ [-R|^j^«  sines- sin2t  + R22*sin9-sin2if-2"R^2’‘^®*'^'*^°'*’ 

+ 2-R|2*sl-Wp*cos2i|f  + 2R23*co89-cosit]-(j23 
- * f^ij* 
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As  opposed  CO  Che  Ceniis  in  Che  above  equadon  are  aoc  censor 

cooponencs.  Their  numerical  values  for  Che  poles  of  Che  211  and  310- 

reflecclons  are  also  llsced  In  Table  111.  When  IsoCroplc  X-ray  elastic 

constants  (equation  6)  are  substltuced  Into  ( m)  > equation  (20) 

2 

resulcs  and  If  che  censor  (21a)  Is  employed,  the  sin  ir  law  (1)  Is 
ob  calned . 

2 

Some  characcerisclc  plocs  of  lattice  strain  vs.  sin  t will  be 
presented  for  Che  211-reflecclon.  For  different  samples  cut  at  various 
angles  Q for  che  same  stress  ■ 100  MPa  different  curves  of  e vs.  sln^t 
result,  as  shown  In  Fig.  7.  Strong  oscillations  which  have  been  observed 
by  many  authors  (Bollen  rath,  Hauk  and  Weldemann,  1967;  Shlralwa  and 
Sakamoto,  1970;  Marlon  and  Cohen,  1975;  Hauk,  Hedach  and  Seseman,  1975; 
Ddlle,  Hauk  and  Zegers,  1978),  only  occur  for  che  rolling  direction, 

^ * 0.  The  reason  for  this  effect  Is  a change  In  che  sign  of  for  Che 
three  poles  at  ■■  0,  13.5°  and  33.6°,  see  Table  111.  For  that  reason, 
an  earlier  calculation  (Evenschor  and  Hauk,  1975a)  of  lattice  strain  dis- 
tributions under  che  presumption  R|^  ■ 0 could  not  yield  che  oscillations 
observed  In  experimental  studies.  A further  examination  of  Fig.  6 and 
Table  HI,  especially  of  che  X-ray  constants  for  7^  ■ 0,  shows  chat  R|^ 
and  R^2  (connected  with  and  922^  depend  on  which  crystallographic 
direction  Is  parallel  to  each  change  of  che  elastic 

cooscants  R|^^  and  R22  che  orientation  Is  about  three  times  smaller 

2 

chan  che  variation  In  R^^.  The  amount  of  oscillation  In  d vs.  sin  i for 
a coarse  grained  material  resulcs  from  che  variation  ef  all  elastic  constants 


21 


However,  oscillations  due  to  grain  statistics  are  only  likely  in  recrystal- 
lized material,  but  not  in  cold  worked  materials.  It  is  obvious  that  erroneous 
stresses  might  be  obtained  if  any  two  tilt  method  is  employed  for  the 
measurement  of  stresses  in  textured  materials. 

Comparing  the  upper  diagrams  of  Fig.  9 (isotropic  case)  with  the 
lower  diagrams  (measurements  for  the  3 poles  in  the  roling  direction)  it 

is  clear  that  transverse  stresses  022  cause  additional  oscillations 
2 

in  e-sin  t-plots.  Whereas  Sj^(hkx),  connected  with  022  according  to  equation 
(20)  does  not  depend  on  i,  R22  or  F22  Table  III),  changes  during  the  if- 


tilt  and  this  causes  oscillations.  It  is  obvious  chat,  when  shear  stresses  a 

2 

or  ^22  present,  a t|r-splltting  in  Che  nonlinear  d-sin  # plots  occur. 
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The  lattice  strains  and  the  oscillations  in  d-sin  t*  curves  calculated 
by  Che  equations  presented  here  will  be  larger  chan  chose  in  real  textured 
aggregates,  because  the  effects  of  crystal  coupling  or  plastic  deformation  have 
been  neglected.  Additionally,  if  the  rolling  deformation  is  not  too  great,  the 
influence  of  the  fraction  of  crystallites  with  random  orientations  in  equation 
(26)  will  be  large.  Since  for  hOO-  and  hhh-ref lections  the  X-ray  elastic  con- 

2 

stants  do  not  depend  on  the  direction  9 it  of  the  measurement,  the  same  e-sin  it 
distribution  as  in  isotropic  materials  appears.  However,  the  calculations 
have  been  carried  out  neglecting  the  interaction  terms  (5).  There- 

fore oscillations  might  be  observed  with  these  reflections  and  tests  are 
underway  (Db*lle  and  Cohen,  to  be  published)  to  see  if  these  reflections  are 
more  useful  for  stress  measurements  than  the  currently  popular  211  and  310 
reflections.  In  fact  on  examining  Fig.  5 it  is  clear  that  the  310  reflec- 
tion will  exhibit  less  oscillation  due  to  elastic  anisotropy  in  iron  in 


V 


both  the  rolling  and  transverse  directions. 

3.3  Evaluation  of  Stresses  in  Textured  Materials 
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Three  methods  have  been  described  in  the  literature : The  method  of 
texture  independent  directions  by  Hauk  and  Sesemann  (1976),  the  Shiraiwa- 
Sakamoto  method  (1970,  1972)  and  the  method  of  Marlon  and  Cohen  (1974), 
see  Table  I.  All  methods  presume  that  the  directions  of  principal  stresses 
are  known.  Recently,  a method  for  the  evaluation  of  multiaxlal  stress 
states  (21d)  in  textured  materials,  basing  on  anisotropic  theory  of  elasticity, 
has  been  developed.  This  new  method  will  be  discussed  here,  also  (Dolle  and 
Hauk,  in  press). 

The  method  of  texture  independent  directions  have  been  developed  to 
evaluate  uniaxial  residual  or  applied  stresses  in  textured  materials.  For 
particular  directions  and  reflections  there  are  t-angles  for  vdilch  the 
isotropic  lattice  strain  (equation  20)  is  equal  to  the  lattice  strain  in 
textured  materials  (equation  42).  These  t-directions  are  the  intersection 
points  ***  in  Fig.  7a.  Two  intersections  are  required  and  this  occurs 
only  in  the  rolling  direction.  The  stresses  can  be  calculated  from  the 
"quasi-isotropic"  strains  by  using  isotropic  X-ray  elastic  constants, 
as  in  Oiapter  2.1.  For  uniaxial  stress  conditions  good  agreement  is  ob- 
tained between  stresses  evaluated  in  this  manner  and  the  applied  load 
(Hauk,  Heclach  and  Sesemann,  1975).  However,  for  multiaxlal  stress-states 
this  method  cannot  be  employed  because  the  texture  independent  directions 
depend  on  the  magnitude  of  the  stress-components  as  well  as  on  X-ray  elastic 
constants  . 

Shlralwa  and  Sakamoto  (1970)  evaluated  residual  stresses  in  textured 
materials,  by  employing  single  crystal  compliances 
for  strains  measured  at  the  poles  in  a pole  figure. 


I 
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see  Fig.  5.  The  equation  used  was: 


®33  " ^^‘“1212'®^°  ®o''^3k^kl  ®1122^''^l  *^o’^3k^k2  ®1122^‘®2 


(43) 


where  has  been  explained  in  equation  (35)  and  are  the  direction 
cosines  between  the  crystallographic  axes  (k)  and  the  principal  axes  (1) 
of  Che  stress -Censor  (21a).  This  model  of  uncoupled  crystallites 

(Reuss,  1929;  M&ller  and  Martin,  1939)  has  been  put  In  a more  general  form 
by  Dolle  and  Hauk  (1978)  and  has  been  described  In  the  previous  section  3.1  and 
3.2. 

The  method  of  Marlon  and  Cohen  (1975)  starts  from  considerations  of 

Greenenough  (1951)  and  of  Bollenrath,  Hauk  and  Weldemann 

(1967).  While  the  first  author  considered  microstresses  In  qua si- Iso tropic 

materials,  Che  latter  correlated  the  lattice  strain,  and  especially  the  oscll- 

2 

laclons  In  d vs.  sin  t,  with  the  deformation  texture.  The  equation  used  for 
Che  evaluation  of  "macro-stress"  9^^  parallel  to  the  rolling  direction  is 


(Weldemann,  1966): 


Vo,*  “ ^S2(hia).d^.o^.sin^ 


(44) 


<Vx  - 

where  Che  first  term  describes  strains  due  to  macrostresses  (linear  with 
2 

sin  7)  and  the  last  one  oscillations  due  to  microstresses,  d Is  Che  inter- 

o 

planar  spacing  In  dislocation  poor  regions,  Interplanar  spacing  for 

Che  direction  of  strongest  reflection  and  f(0,t)  the  Intensity  distribution 
for  the  rolling  direction.  The  function  f(0,t)  Is  normalized  by  setting 
f(0,t)  ■ 1 for  Che  maximum  integrated  Intensity,  The  major  deficiency 
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involved  in  chis  method  is  chat  isotropic  X-ray  elastic  constants  are 
used.  The  theory  described  in  the  previous  section  clearly  shows  chat 
oscillations  may  also  occur  from  homogeneous  stresses  in  textured  material 
due  to  elastic  anisotropy. 

Starting  from  equation  (42)  DSlle  and  Hauk  (in  press)  recently  pre- 
sented a method  for  the  evaluation  of  multiaxial  stress-states  (21d)  in  tex- 
tured materials.  The  authors  suggested  carrying  out  measurements  (intensity 
and  peak  location)  for  the  directions  of  a pole  figure,  see  Figure  5. 

When  the  interplanar  spacing  d^  of  the  stress- free  state  is  known,  stresses 
can  be  evaluated  from  strains  by  a least  square  fit  to  equation  (42)  using 
experimental  values  of  X-ray  elastic  constants  or  these  calculated  accor- 
ding to  equation  (26)  (see  also  Table  III).  If  there  is  evidence  for  a 
surface  stress-state  (21ab),  the  last  three  terms  in  equation  (42)  can  be 
omitted  and  a least-square  fit  can  be  computed  for  the  variables  ®^j^®^2®22 
only.  Unfortunately,  this  method  is  not  simple  enough  to  be  employed  in 
practical  situations.  Therefore,  as  an  alternative,  the  measurement 
(Dolle  and  Cohen,  to  be  published)  can  be  performed  with  the  310,  hOO-  or 
hhh-ref lections.  Since  no  (or  only  small)  oscillations  should  occur  ac- 
cording to  this  approach,  the  methods  of  Chapter  2.3  or  the  classical 
methods  can  be  used  to  evaluate  the  stresses. 

Definitive  experiments  to  decide  between  the  interpretation  based 
on  microstresses  or  the  one  based  on  macrostresses  and  texture  are  surely 


needed 
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4.  The  Influence  of  Steep  Stress  Gradients 

The  influence  of  stress  gradients  on  a stress  measurement  with  X-rays 
was  first  discussed  by  Osswald  (1948)  and  later  by  Macherauch  (1956); 

Kelly,  Short  and  Evans  (1971);  Shiraiwa  and  Sakamoto  (1972); 

Lei  and  Scardina  (1976).  In  general,  corrections  due  to  the  penetration 
depth  T of  X-rays  and  the  removal  of  surface  layers  (Kelly  ^ al . , 1971; 

Lei  and  Scardina,  1976)  are  necessary.  It  is  well  known  that  the  average 
stress  being  evaluated  by  X-rays  deviates  from  the  stress  in  the  surface  when 
gradients  are  bigger  than  2MPa  jj.m  However,  for  ground  or  shot  peened  surfaces 
of  steels,  steep  gradients  sometimes  occur  which  can  be  bigger  than  this  limit  by 
a factor  of  10  or  more  (Lessels  and  Brodrick,  1956;  Iwanaga,  Namikawa  and  Aoyama, 
1972;  Shiraiwa  and  Sakamoto,  1972;  Schreiber,  1976). 

Additionally,  the  influence  of  such  stress-gradients  on  the  linearity 

of  d vs.  sin^  has  been  studied.  While  Shiraiwa  and  Sakamoto  (1972)  and 

Dolle  (1978)  calculated  only  small  non-linearities  for  the  stress-tensors  in 

equation  (21a)  with  gradients  in  and  O22’  Lode  (1976)  argued, 

that  multiaxial  stress-states  (tensor  21d)  and  steep  gradients  are  the  rea- 

2 

sons  for  oscillations  in  d vs.  sin  ir  curves, see  Table  1.  However,  the 
theory  of  Pelter  and  Lode  (1976)  is  defective  because  the  absorption  of  X-rays 
was  taken  into  account  in  an  unrealistic  way,  and,  indeed,  there  is  no 
experimental  evidence  for  this  explanation,  because  oscillations  usually 
persist  even  after  the  near  surface  layers  are  removed  (Dolle,  Hauk  and 
Zegers,  1978;  Quesnel,  Meshii  and  Cohen,  1979). 

In  the  following,  a theoretical  approach  to  the  problem  of  near  surface 
stress  gradients  will  be  presented,  which  can  be  employed  for  isotropic 
as  well  as  for  textured  materMs.  For  the  calculation  it  will  be  as.'umed 
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that  the  interplanar  spacing  of  the  stress-free  state  and  the  X-ray  elastic 
constants  are  not  altered  by  a free  surface  (Stickforth,  1966),  where  2*0. 
Actually,  slow  variations  of  both  parameters  will  not  affect  the  results. 


In  the  surface,  only  the  stress  tensor  (21b)  is  possiole. 


while 


in  the  interior  of  the  sample  the  general  stress  state  (21d)  can  occur. 
Thus,  not  only  gradients  in  *^22  taken  into  account, 

but  also  for  the  ocher  stress  components.  Note,  Chat  the  effect  of  t- 
splitting  discussed  in  Section  2.2,  is  impossible  unless  gradients  with 
respect  Co  z in  or  5^3  present,  because  these  components  must 
vanish  at  the  surface.  It  will  also  be  assumed  chat  the  stress  components 
depend  only  on  z,and  that  local  strains  e33('ftt,z)  are  caused  by  local 
stresses  Cj^j(z).  The  Intensity  (I)  reflected  by  a unit-volume  dV  in 
the  depth  2 can  be  written  (Macherauch,  1956;  Cullity,  1956): 

dl~  exp  [-y.i}-dV,  (4! 


^ere  2 la  Che  path  length  of  the  X-ray  beam  within  Che  sample  and  ‘j,  is 
Che  linear  absorption  coefficient.  The  path  length  depends  on  if  and  the 
Bragg-angle  9.  For  a frgoniometer  the  7-tilt  occurs  about  the  29  axes,  which  is 
perpendicular  to  Che  diffractometer  plane.  Therefore, 


2sin9*cos'if 
Z - 5 j-  -2 

sin  9-sin  t 


(46a) 


In  recent  years,  in  Europe  the  t -goniometer  (Macherauch  and  Wolfs tieg, 
1977)  has  become  popular,  for  which  the  t-tilt  is  around  an  axis,  perpen- 
dicular CO  Che  29-axis  and  parallel  to  Che  goniometer  plane  . For 
this  geometry: 


sin9*cos<ir 


(46b) 


J 
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Defining  che  actual  penetration  depth  of  X-rays  by: 

exp{-y,x}  - 1/e  for  z - t, 
the  penetration  depth  becomes  (Wolfstieg,  1976): 


a 


sin^Q  - sin^lr 
2y,*sin9*  cost 


_ 3in9  • cost 

X , * • 9 

t 2p, 

and  the  intensity  can  be  rewritten  as: 


dl  ~ exp{-— )dV. 

T ■ 


(47) 

(48a) 

(48b) 

(49) 


Therefore,  the  information  included  in  a strain  average  over  a depth  z 
(e33(/,t)>  is: 


(€33(9. t))  - 


j*  e33('P.t,z)*exp{-^}d2 


(50) 


/expl-^jdz 

o 


where  D is  the  thickness  of  the  sample.  For  isotropic  materials  from 
equation  (20)  has  to  be  substituted  in  equation  (50).  For  :p  > 0: 

<e33(«p.'M>  ■ h S2(hk;e)*[(aj^j^) ‘sin^t  + • sin2t 

+ <a33>-co3S]  + 3j^(hkx)‘[<aj_j^)  + <022^ 


(51) 


with : 


(^ij) 


f aij(2)'exp{-^}dz 
/expC-Jldz 


**(Jij(2*0)  + J exp(-^}-g^j(z)dz, 

where  g^j(z)  are  the  stress  gradients  with  respect  to  the  depth  z: 


(52) 


Thus,  Che  resulting  d vs.  sin  t will  be  determined  by  the  stresses  in  Che 

surface  (z*0),  Che  stress  gradients  near  the  surface  and  Che  penetration 

2 

depth  T(t»0)  . Typical  d vs.  sin  plots  are  shown  in  Fig.  9. 

Only  when  steep  gradients  are  present  the  second  term  in  equation  (52)  will 

contribute  appreciably  to  Che  average  strain  measured.  The  non-linearities 
2 

in  d-sin  t plots  caused  by  gradients  are  generally  small. 

The  theory  presented  is  equivalent  Co  the  considerations  of  Shiraiwa 

and  Sakamoto  (1972)  if  Che  stress-tensor  (Equation  21a)  is  substituted  into 

equation  (SO).  Moreover,  when  equation  (42)  is  substituted  into  (30),  the 

2 

influence  of  stress  gradients  on  d vs. sin  ir  for  textured  materials  can  be 
found . 

5.  Conclusions 

Recoomendaclons  for  the  practical  application  of  X-ray  stress  measure- 
ment have  been  developed  by  American,  Japanese  and  German  groups.  Unfor- 
tunately, these  recomnenda cions  do  not  include  Che  problem  of  nonlinear 
2 

d vs.  sin  t distributions  detected  in  recent  years.  Thus,  the  information 
presented  here  should  be  considered,  when  a stress  evaluation  is  performed 
on  heavily  cold-worked  materials  (Decile  and  Hauk,  1977,  James  and  Cohen,  in 
press). 

In  general,  Che  influence  of  gradients,  shear  stresses  and  texture  may 

be  present  at  the  same  time  but  usually  only  one  influence  is  dominant. 

2 

If  the  two  tilt  method  is  employed  nonlinear  d vs.  sin  <|r  can  lead  to  erroneous 

results.  Therefore,  this  approach  should  be  employed  only  when  the  deforma- 

2 

Cion  history  is  known  and  a linear  d-sin  lir -dependence  can  be  expected  or 
has  been  verified  in  the  laboratory. 
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In  order  to  recognize  ^jr^sp^iCCing  caused  by  machining,  measurements 

are  necessary  for  positive  and  negative  t-dlrections  or  with  t positive 

and  at  9 and  cp  -f-  ISOt  Since  misalignments  of  the  goniometer  can  cause  an 

apparent  t'splittlng,  this  source  of  errors  must  be  carefully  eliminated 

2 

in  alignment,  and  checked  by  examining  d vs.  sin  for  + if. 

2 

If  the  material  has  a strong  texture,  d-sin  '^-distributions  for  the 

same  direction  on  the  specimen  depend  strongly  on  the  hkx  planes.  It  may  be 

2 

possible  to  circumvent  these  oscillations  in  d vs.  sin  t by  employing  hOO  or 
hhh-ref lections.  Alternatively,  quasi-isotropic  directions  or  anisotropic 
X-ray  elastic  constants  can  be  employed.  With  steels  there  is  less  effect 
with  the  310  reflection  than  the  211.  Stress  gradients  cause  additional  small 
nonlinearities.  As  the  effects  of  shear-stresses  and  texture  superimpose 
on  the  small  effects  due  to  gradients,  the  stress  distribution  should 
be  evaluated  by  etching. 
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Ftg.  1 


Fig.  2 


Fig.  3 


Fig.  4 


Fig.  5 


Fig.  6 


Fig.  7 


Definition  of  the  angles  9 anu  if  and  orientation  of  the 

laboratory-system  with  respect  to  the  sample  system  P^. 

2 

Nonlinear  lattice-strain  distributions  vs.  sin  If 

a.  after  deformation  by  tangent  stresses 

b.  after  cold  rolling 

Isotropic  X-ray  elastic  constants  for  iron  vs.  If, 

calculated  in  Voigt,  Reuss  and  Eshelby-Kroner  limit. 

2 

Lattice  strain  vs.  sin  measured  (Ddlle  and  Cohen, 

tr.  press),  in  a ground  steel  (C:0.67.;  Si:0.257,;  Mn:0.757.). 

Measured  values:  • 7 2 0;  C 7 <0. 

Calculated  from  stress  censor  (25). 

Average  strain  a^  (23a). 

Poles  for  Che  [2111  and  [310}  planes,  calculated  for  the 

preferred  orientations  of  a-iron  (27).  The  length  of 

2 

the  radius-vector  is  sin  7. 

Experimental  X-ray  elastic  constants  (211,7“0 , ') 

(according  to  Dolle,  Hauk  and  Zegers,  1978)  for  the 
preferred  orientation  (211)[011]  or  [Oil];  measured  in 
cold  rolled  steels  (CiO.lO?,;  Si:0.347,;  Mn:1.347.)  at  various 
directions  y ■ Reduction:  0 307i;  Z 507.;  A 75%. 

The  isotropic  and  anisotropic  limits  have  been  calculated 
from  equation  (26). 

2 

Lattice  strain  vs.  sin  7 calculated  for  quasi-isotropic 
(----  — ) and  for  textured  (®)  iron  having  the  preferred 
orientations  (27).  A stress  of  100  MPa  has  been 

assumed  to  be  parallel  to  the  cut  out  direction  Z.  7**  are 
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i 


Fig.  8 


Fig.  9 


texture  Independent  directions  (Hauk  and  Seseraann,  1976) 

In.'luence  of  transverse  stresses  3^2  °°  lattice 
strain  distributions  in  quasi-isotroplc  (upper  diagrams) 
and  textured  iron. 

2 

Influence  of  stress  gradients  g^^  on  d vs.  sin  i. 

and  (0^3^  averages  over  the  penetration  depth  of 
the  X-ray  beam  (equation  52).  Note  that  023(2“®^  ” 


lattice  strain 
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In  recent  years  nonlinear  d vs.  sin  , -distributions  have  been  observed  in 
stressed  materials,  which  cannot  be  explained  by  Che  classical  fundamentals 
of  X-ray  stress  measurement,  d-  is  Che  incerplanar  spacing  measured  and  -ii 
is  Che  angle  between  Che  surface  normal  of  Che  sample  and  Che  measuring 
direction.  This  paper  reviews  treatments  for  these  nonlinear  discibutions , 
including  stress  gradients,  shear-stresses  and  anisotropic  X*ray  elastic 
constants.  Methods  for  the  evaluation  of  stresses  are  reported,  and 
rccoDinendaciona  are  given  for  the  practical  application  of  X-ray  stress 
measurement. 
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